We construct general anisotropic cosmological scenarios governed by an f (R) = R n gravitational sector. Focusing then on some specific geometries, and modelling the matter content as a perfect fluid, we perform a phase-space analysis. We analyze the possibility of accelerating expansion at late times, and additionally, we determine conditions for the parameter n for the existence of phantom behavior, contracting solutions as well as of cyclic cosmology. Furthermore, we analyze if the universe evolves towards the future isotropization without relying on a cosmic no-hair theorem. Our results indicate that anisotropic geometries in modified gravitational frameworks present radically different cosmological behaviors compared to the simple isotropic scenarios.
Introduction
There exist a huge observational evidence that the expansion rate of our universe is now accelerating 1 . One way to explain this feature is to consider the extended gravitational theories known as f (R)-gravity (see 2 and references therein). In such approach the Hilbert-Einstein action is generalized by replacing the Ricci scalar R by functions of it.
According to the observational evidence, the universe, highly inhomogeneous and anisotropic in earlier epochs, had evolved to the homogeneous and isotropic state we observe today with great accuracy. The robust approach to answer this question is to begin with an initially anisotropic universe and analyze if the universe evolves towards the future isotropization.
Anisotropic but homogeneous cosmologies was known since a long time ago 3 . The most well-studied homogeneous but anisotropic geometries are the Bianchi type (see 4 and references therein) and the Kantowski-Sachs metrics 5 , either in conventional or in higher-dimensional framework. For Bianchi I, Bianchi III, and Kantowski-Sachs geometries one can obtain a very good picture of homogeneous but anisotropic cosmology by using both numerical and analytical approaches and incorporating also the matter content (see 6 and references therein) .
In the present work we are interested in investigating the phase space of anisotropic f (R) = R n cosmologies focussing in Kantowski-Sachs geometries and modelling the matter content as a perfect fluid. The major emphasis is on the We analyze the possibility of accelerating expansion at late times, and additionally, we determine conditions for the parameter n for the existence of phantom behavior, contracting solutions as well as of cyclic cosmology. Furthermore, we analyze if the universe evolves towards the future isotropization. We make few comments about the feasibility to construct compact phase spaces for Bianchi III and Bianchi I background.
We stress that the results of anisotropic f (R) cosmology are expected to be different than the corresponding ones of f (R)-gravity in isotropic geometries, similarly to the differences between isotropic 7 and anisotropic 8 considerations in General Relativity. Additionally, the results are expected to be different from anisotropic General Relativity, too. As we see, anisotropic f (R) cosmology can be consistent with observations.
Basic Framework
In order to investigate anisotropic cosmologies, it is usual to assume an anisotropic metric of the form 9 :
where 1/e 1 1 (t) and 1/e 2 2 (t) are the expansion scale factors. The metric (1) can describe three geometric families, that is
known respectively as Kantowski-Sachs, Bianchi I and Bianchi III models. In the metric formalism for f (R)-gravity the fourth-order cosmological equations write 2,10,11 :
where the prime denotes differentiation with respect to the Ricci scalar R, ∇ µ is the covariant derivative associated to the Levi-Civita connection of the metric and
µν denotes the matter energy-momentum tensor, which is assumed to correspond to a perfect fluid with energy density ρ m and pressure p m . The Ricci scalar is given by R = 12H 2 + 6σ 2 + 6Ḣ + 2Kk, where k = +1, 0, −1 corresponds to Kantowski-Sachs, Bianchi I and Bianchi III models respectively. In this equation we have introduced the kinematical variable σ = 
2 is the Gauss curvature of the 3-spheres (see 12 for the general formalism to deduce kinematical variables and 6 for an explicit computation in such geometrical backgrounds). Now we impose an ansatz of the form f (R) = R n 2,13,14 , since such an ansatz does not alter the characteristic length scale (and General Relativity is recovered when n = 1), and it leads to simple exact solutions which allow for comparison with observations 15 . Additionally, following 10,11 we consider that the parameter n is related to the matter equation-of-state parameter through n = 3 2 (1 + w), with w = pm ρm , where ρ m and p m are the energy density and pressure of the matter perfect fluid. Imposing all the energy conditions for standard matter follows −1/3 ≤ w ≤ 1 (n ∈ [1, 3] ). The most interesting cases being those of dust (w = 0, n = 3/2) and radiation fluid (w = 1/3, n = 2).
The cosmological equations of R n -gravity in the Kantowski-Sachs, Bianchi I and Bianchi III backgounds are: the "Raychaudhuri equation" (4), the shear evolution (5), the trace equation (6) (obtained from equation (5) in section IIA of 16 ), the Gauss constraint (7), the evolution equation for the 2-curvature K (8), as well as the matter conservation equation (9) :
In the former we use the notation k = +1, 0, −1 for Kantowski-Sachs, Bianchi I and Bianchi III models respectively. For Kantowski-Sachs geometry the field equations are the same as in (35)- (38), (21), (22) and (39) in 6 . For Bianchi I, equation (8) decouples.
Phase space analysis
The so-called Hubble-normalized variables together with a Hubble-normalized time variable have been used successfully to study the isotropization of cosmological models 17 . For simple classes of ever expanding models such as the open and flat FLRW models and the spatially homogeneous Bianchi type I models in GR the dynamical systems variables are bounded even close to the cosmological singularity 18 . These simple classes of cosmological models do not allow for bouncing, recollapsing or static models, since there are no contributions to the Friedmann equation that would allow for the Hubble-parameter to vanish. In models allowing H to pass through zero (e.g. the simple addition of positive spatial curvature), the state space obtained from expansion normalized variables becomes non-compact (see 19 for such an analysis in Bianchi I R n -gravity). Hence, one has to perform an additional analysis to study the equilibrium points at infinity using, for instance, the wellknown Poincaré projection 20 , where the points at infinity are projected onto a unit sphere. Alternatively, one may break up the state space into compact subsec- ,
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tors, where the dynamical systems and time variables are normalized differently in each sector (see e.g. 21 and 22 for Bianchi I; see also 14 for a comprehensive analysis of Bianchi III, Bianchi I and Kantowski-Sachs geometries in R n -gravity). The full state space is then obtained by pasting the compact subsectors together. Both methods have advantages and disadvantages in this context 22 .
Kantowski-Sachs
The phase space of Kantowski-Sachs geometry in R n gravity was investigated in 6 by using the auxiliary variables 22,23 :
3 K, and the time variable τ through dτ = D n−1 dt. The restrictions x 2 + y + z + Σ 2 = 1, and (Q + x) 2 + K = 1, enable us to investigate the reduced dynamical system in the variables (Q, Σ, x, y) .
In tables 1 and 2 we present partial information about the isolated and curves of critical point of corresponding vector field.
The curves C ǫ contain the representative critical points N ǫ and L ǫ described in 11 (see table 2 ). Additionally to the investigation of 11 , we obtain four new critical points, which are a pure result of the anisotropy: P . These results match with the results obtained in 11 . In this scenario there are also contracting solutions, either accelerating or decelerating, which are, in general, not globally but locally asymptotically stable. For 2 < n < 3, the critical points P Phase space of anisotropic R n cosmologies 5 Table 2 . The curves of critical points Cǫ, and the representative critical points Nǫ, Lǫ, P ǫ 1 and P ǫ 2 of the cosmological system (we use ǫ = ±1). u varies in [0, 2π] .
Name Q Σ x y Existence Stability
which the total matter/energy behaves like radiation. They do possess a 3D stable manifold and their center manifolds are locally asymptotically stable 24 , and thus they can attract the universe at late times (with small probability) for this n-range. The stability of the isolated critical points is as follows: A + is stable for n + < n < 3 and a saddle otherwise; B + is a saddle whenever exist; saddle also is P + 4 with a 3-dimensional stable manifold; P + 3 is non-hyperbolic with a 3-dimensional stable manifold; and P + 5 is non-hyperbolic, with a 2-dimensional center manifold. The stability of the critical points in the negative (−) branch is the time reverse of the corresponding points in the positive (+) branch (see further details in table I of 6 ).
As discussed in 6 , for 1.37 n < 3, the universe at late times can result to a state of accelerating expansion represented in the phase space by the critical point A + . In the above critical point the isotropization has been achieved. For 2 < n < 3 it exhibits phantom behavior. Moreover, in the case of radiation (n = 2, w = 1/3) the aforementioned stable solution corresponds to a de-Sitter expansion describing the inflationary epoch of the universe. These results were achieved without resort to the cosmic no-hair theorem 25 . This is not a new feature since de-Sitter solutions are known to exist in Bianchi I and Bianchi III R n -gravity 14, 19 . The acquisition of such a solution is of great interest, as of many works on anisotropic cosmologies, since, it is the only robust approach in confronting isotropy of standard cosmology. The fact that this solution is accompanied by acceleration or phantom behavior, makes it a very good candidate for the description of the observable universe 1 .
In Fig. 3 .1 we display some orbits in the case of radiation, i.e. for w = 1/3, n = 2, (taken from 6 ). We note the existence of heteroclinic sequences of types
revealing the realization of a cosmological bounce or a cosmological turnaround.
Similarly to the isotropic case (see figure 5 of 11 ) there is one orbit of type B + −→ A + and one of type A − −→ B − . However, in the present case we have the additional existence of an heteroclinic sequence of type A − −→ P could describe the inflationary stage. This significant behavior is a pure result of the anisotropy and reveals the capabilities of the scenario. Lastly, note the very interesting possibility, of the eternal transition P
which is just the realization of cyclic cosmology 26 . Bouncing solutions are found to exist both in FRW R n -gravity 27 , as well as in the Bianchi I and Bianchi III R n -gravity 14 (see also 28 ) , and thus they arise from the R n gravitational sector.
Conclusions
As we saw, the universe at late times can result to a state of accelerating expansion, and additionally, for a particular n-range (2 < n < 3) it exhibits phantom behavior. Additionally, the universe has been isotropized, independently of the anisotropy degree of the initial conditions, and it asymptotically becomes flat. The fact that such features are in agreement with observations 1 is a significant advantage of the model. Moreover, in the case of radiation (n = 2, w = 1/3) the aforementioned stable solution corresponds to a de-Sitter expansion, and it can also describe the inflationary epoch of the universe. In our work we extracted our results without relying at all on the cosmic no-hair theorem, which is a significant advantage of the analysis 25 . The Kantowski-Sachs anisotropic R n -gravity can also lead to contracting solutions, either accelerating or decelerating, which are not globally stable. Thus, the universe can remain near these states for a long time, before the dynamics remove it towards the above expanding, accelerating, late-time attractors. The duration of these transient phases depends on the specific initial conditions. One of the most interesting behaviors is the possibility of the realization of the transition between expanding and contracting solutions during the evolution. That is, the scenario at hand can exhibit the cosmological bounce or turnaround. Additionally, there can also appear an eternal transition between expanding and contracting phases, that is we can obtain cyclic cosmology. These features can be of great significance for cosmology, since they are desirable in order for a model to be free of past or future singularities.
